We investigate the Holst action for closed Riemannian 4-manifolds with orthogonal connections. For connections whose torsion has zero Cartan type component we show that the Holst action can be recovered from the heat asymptotics for the natural Dirac operator acting on left-handed spinor fields.
S(T p
A(e a , e a , Z) = 0 .
The connections whose torsion tensor is contained in V are called vectorial. Those whose torsion tensor is in T are called totally anti-symmetric, and those with torsion tensor in S are called of Cartan type.
From this decomposition we get that for any orthogonal connection ∇ as in (1) there exist a vector field V , a 3-form T and a (3, 0)-tensor field S with S p ∈ S(T p M ) for any p ∈ M such that
these V, T, S are unique. As usual ♯ : T * p M → T p M denotes the canonical isomorphism induced by g. The scalar curvature of this orthogonal connection is
where R g is the scalar curvature of ∇ g and div g denotes the divergence taken with respect to ∇ g (see e.g. [PS11, Lemma 2.5]).
Let (θ a ) a=1,...,n denote the dual frame of (e a ) a=1,...,n , i.e. θ a (·) = g(e a , ·). Then the volume form is dvol = θ 1 ∧ . . . ∧ θ n . For k-forms there is a natural scalar product , k such that the elements θ i1 ∧ . . . ∧ θ i k with i 1 < . . . < i k form an orthonormal basis of Λ k (T * p M ) (compare [Bl81, Def. 0.1.4]) Furthermore we have the Hodge operator * : Λ k (T p M ) → Λ (n−k) (T p M ), and for ω, η ∈ Λ k (T * p M ) one has ω ∧ * η = ω, η k dvol.
For n = 4 and k = 2 we have * * = id, this decomposes the space of 2-forms into the selfdual and the anti-selfdual ones 3 :
. Thereby, we obtain the decomposition
which is orthogonal w.r.t. the scalar product given in (2) and decomposes the component S from (3) into S = S + + S − .
In LQG (see [Rov04] or [Th07] ) one considers the case n = 4, and most of the local computations are done in Cartan's moving frame formalism. Let (e a ) a=1,...,4 be a local positively oriented orthonormal frame of T M and (θ a ) a=1,...,4 its dual frame. To each orthogonal connection ∇ as above one associates the connection 1-forms ω a b , the curvature 2-forms Ω a b and the torsion 2-forms Θ a , which are given by
For these forms one has the following structure equations:
With respect to the given frame one defines the translational Chern-Simons form by
With the structure equations one obtains the Nieh-Yan equation (see [NY82] ):
Proposition 2.1 One has C T T = 6T where T is the totally anti-symmetric component of the torsion as in (3).
Proof. We compute
where the last summation is taken over all permutations of {k, ℓ, m}, it is the anti-symmetrisation of A ∈ Λ 1 ⊗ Λ 2 and therefore equals 6T .
This shows in particular that C T T is globally defined, i.e. independent of the choice of the moving frame. Sometimes it is stated that M dC T T is a topological invariant, and it is called Nieh-Yan invariant.
Corollary 2.2 Assume that the totally anti-symmetric component T of the torsion has compact support which avoids the boundary of M , then
For the case when M is closed the corollary was already shown in [GWZ99] by means of Chern-Weil theory. It also holds in the Lorentzian setting and was already implicitly used e.g. in [DVL10] . If the support of M meets the boundary Stoke's Theorem gives simple formulas for M dC T T . Such terms have been considered e.g. in [Ba10] .
The Nieh-Yan equation is remarkable since the second summand equals the density of the Holst term (see [Ho96] )
Proposition 2.3 For any orthogonal connection ∇ one finds
with respect to the decomposition (5), where
is the dual form of the vector field V .
Proof. To simplify notation we abbreviate
and set A abc = A(e a , e b , e c ), and likewise for all components of the decomposition (5), e.g. T abc = T (e a , e b , e c ), and we set
, in the following we will consider the terms occuring
For the first three terms we calculate
For the second equality we observe that θ 
since S 444 = 0 and the trace of S over the first two entries vanishes. For A = V we have
Similarly, we obtain
which is zero for A = V . In the case of A = S in (9) we notice
With the Nieh-Yan equation (6) and Prop. 2.3 the claim follows.
This shows that C H depends only on the torsion of the connection but not on the Riemannian curvature of the underlying manifold. Observations of that kind have been made before in [HM86] , [Me06] and [Ba10] .
The Holst action 4 used in LQG is given by
where G is Newton's constant and γ is the Barbero-Immirzi parameter ( [Ba95] , [Im97] ). The density of the Holst action reads as
Assuming that both T and V have compact support and avoid the boundary of M we obtain
If γ = ±1 one can vary S + or S − without changing the value of I H , thus obtaining more critical points than for the Einstein-Hilbert functional. 5 These critical values of the Barbero-Immirzi are well known in LQG, we think our representation of the Holst action offers a clear geometric understanding of this fact.
Dirac operators and the spectral action principle
The spectral action principle ( [Co96] ) of noncommutative geometry ( [Co94] ) states that the whole information of physical reality is encoded in some suitable Dirac operator, and one should be able to extract any measurable quantity from its spectrum. In the following we want to discuss the relation between the classical Dirac operator and the Holst action.
We consider an n-dimensional Riemannian manifold and we assume that M carries a spin structure so that spinor fields are defined. Any orthogonal connection ∇ as in (1) induces a unique connection acting on spinor fields (see [LM89, Chap. II.4] or [PS11, Section 4]) which we will also denote by ∇. The Dirac operator associated to ∇ is defined as
A abc e a · e b · e c · ψ
where D g is the Dirac operator associated to the Levi-Civita connection and "·" is the Clifford multiplication.
6
Using the fact that the Clifford multiplication by the vector field V is skew-adjoint w.r.t. the hermitian product on the spinor bundle one observes that that D is symmetric with respect to the natural L 2 -scalar product on spinors if and only if the vectorial component of the torsion vanishes, V ≡ 0 (see [FS79] and [PS11] , and [GS87] for the Lorentzian setting). We would like to stress that the Dirac operator D stays pointwise the same if one changes the Cartan type component S of the torsion (see e.g. [PS11, Lemma 4.7]).
7 Therefore the Dirac operator D does not contain any information on the Cartan-type component S of the torsion. We summerise:
Corollary 3.1 In general, neither C H nor M C H nor I H can be recovered from the spectrum of the D. A-genus) . The index of an elliptic operator depends only on its principal symbol (see e.g. [LM89, Cor.III.7.9]). Therefore, the index of the left-handed part of Dirac operator defined in (11) does not depend on the torsion. The index density in the case of "H-torsions" (i.e. totally anti-symmetric torsion with dT = 0) has been calculated in [Ki07] .
Remark 3.2 For any compact spin manifold the Atiyah-Singer Index Theorem relates the index of the left-handed Dirac operator (mapping left-handed to right-handed spinor fields) to a topological invariant of the manifold (thê
Nevertheless, we will recover the Holst action from the heat trace asymptotics for D * D if we restrict to the case S ≡ 0, which is the natural case when dealing with spinors. First, we derive the following Lichnerowicz formula: Theorem 3.3 For the Dirac operator D associated to the orthogonal connection ∇ as given in (11) we have
for any spinor field ψ, where ∆ is the Laplacian associated to the connection
6 For the Clifford relations we use the convention X ·Y +Y ·X = −2 g(X, Y ) for any tangent vectors X, Y , and any k-form θ i 1 ∧. . .∧θ i k acts on some spinor ψ by
7 In the Lorentzian case it is known that torsion of Cartan type does not contribute to the Dirac action under the integral [Sh02, Chap. 2.3].
Proof. As Clifford multiplication by any 3-form is self-adjoint we have
where we have used the relation V · T + T · V = −2(V T ) for the vector V and the 3-form T and the identity
. In order to calculate the Laplacian associated to the connection ∇ we fix some p ∈ M and choose the frame (e a ) to be synchronous about p, i.e. ∇ g e a | p = 0 for any a = 1, . . . , n.
2 (e a T ) ψ
2 (e a T ) (V · e a + g(V, e a )) ψ
here we have used
T 2 which is Thm. 6.2 of [AF04] adapted to our notation. Next we can deduce from e a T = 1 2 b,c T abc θ bc that 3T = a (e a T ) · e a = a e a · (e a T ) and we further simplify:
Together with (13) this yields the claim. Now, let k t (x, y) denote the (smooth) kernel of the heat operator exp(−tD * D). Then one has the well-known asymptotic expansion
We have γ 5 = e 1 · . . . · e 4 = dvol and the projection on left-handed spinors is given by P L = 1 2 (id −γ 5 ). Now let us consider the restriction P L D * DP L to the left-handed spinors. We note that its kernel is given by
Taking the trace over the (4-dimensional) spinor spaces we obtain the following asymptotics
As α 0 (x) = id we have β 0 (x) = 2 for any x ∈ M , and the function β 2 (x) is related to the the density of the Holst action from (10) as follows. Restricting to orthogonal connections with S ≡ 0 is natural since fermions are not able to perceive any torsion of Cartan type.
Theorem 3.4 Let M be a compact Riemannian 4-manifold with spin structure. For a 3-form T and a vector field V consider the orthogonal connection
Let D denote the Dirac operator induced by ∇, and consider the restriction P L D * DP L to the left-handed spinors. Then, for the term β 2 from the expansion (14) we have
for the orthogonal connection ∇ given by
and for the value γ = 1 of the Barbero-Immirzi parameter.
Proof. We use the Lichnerowicz formula (12) and the explicit formula for α 2 (x) from e. g. [Roe98, Prop. 7 .19] to get
By construction one has β 2 = 1 2 Tr ((1 − γ 5 )α 2 ). We observe that the traces of dT , T · V and V T , taken over the 4-dimensional spinor space, all vanish since they act as 2-forms or 4-forms. So we get
For a < b < c and a 
This leads to
Tr(γ 5 α 2 ) dvol = −6 dT + 36 T, * V ♭ 3 dvol . We obtain
Finally we compare this with the density of the Holst action ρ ∇ γ dvol for the orthogonal connection ∇ and the Barbero-Immirzi parameter γ = 1, which is given by
and establish (15).
Corollary 3.5 Let M be a 4-dimensional compact manifold and ∇ be an orthogonal connection without Cartan type component as in Theorem 3.4. Then we get for the second coefficient of the heat trace asymptotics for In other words Corollary 3.5 states that the spectral action principle naturally predicts the Holst action in the case of orthogonal connection without the Cartan type torsion (which is invisible to fermions). The Barbero-Immirzi parameter then takes the critical value γ = 1.
In [DVL10] it has been proposed to modify the Holst action by adding terms depending on the norm of torsion (Θ, Θ) = a Θ a , Θ a 2 and it is shown that such actions in general still have the same critial points as the Einstein-Cartan-Hilbert functional. Apart from considerations of quantisation (the need of canonical variables of Ashtekar type) Corollary 3.5 shows that the Holst action is special within this proposed larger class of actions.
There has been a controversy whether the term dC T T = 6dT could be obtained via anomaly calculations and what its significance in quantum field theory and its relevance for the Barbero-Immirzi parameter might be ( [CZ97] , [OMBH97] , [KM01] , [CZ01] ). In [BS10] the induced gravity approach delivers the value ± 1 9 for the prefactor of the term dC T T if one addionally takes the specific particle content of the Standard Model into account. Within the approach of Connes' spectral action principle a comparison of parameters would obtain the value 1 for the prefactor of the term dC T T (or the value −1 if we had projected on the right-handed spinors). This value would be independent of any specific particle model. However, one should be aware that in these actions the Cartan type component of the torsion does not appear, unlike in the action I H which is considered to be the relevant one in LQG.
